The Bethe-Salpeter equation is solved in generalised ladder approximation for simple scalar super-renormalizable theory. With the help of spectral representation the results are obtained directly in Minkowski space. The analytic form of resulting equation is rederived and its kernel is simplified. The numerical performance of the method is tested on several simple cases represented by bound states for which the ground state spectra with given vertex functions are calculated. The results are used to estimate the behaviour of the elastic electromagnetic form factors.
I. INTRODUCTION
The Bethe-Salpeter equation (BSE) is a traditional tool for relativistic description of bound states in quantum field theory [1] . In this treatment the two body bound state is described by the three-point vertex function or, equivalently, by the BS amplitudes. Both of them are solutions of covariant four-dimensional BSE. Up to present most of the studies were restricted to the so called ladder approximation, the case when interaction is mediated by exchange of particles which lines do not cross in the appropriate Feynman diagrams. At this level the irreducibile kernel is approximated by the tree diagram. Consequently, the appropriate scattering matrix is given by the sum of the generated ladders. It is well known, that such approximation is not sufficient when realistic theories and bound states are considered [2] . Therefore, one is usually confined to the use of some phenomenology in practice. Even in this case, the singularity structure of the BSE makes it difficult to find solution numerically and various tricks are necessary to obtain solutions with the required high numerical accuracy. An extensive review of BS studies can be found in Ref. [3] , [4] . Only very recently, more complicated interaction kernels have been considered [5] , [6] , [7] .
The standard approach to determine the spectrum and the BS vertex numerically makes use of partial wave decomposition which reduces four-dimensional integral equation into the two-dimensional one. The alternative, and more recently exploited treatment, is based on the O(4) hyperspherical expansion [8] . In this approach the BSE is transformed into an infinite set of one-dimensional integral equations. The great advantage of this approach is the speed of numerical convergence with simultaneous possibility to find easily the spectrum of excited states. Very often, the ladder BSE's are solved with the help of the so called 'Wick rotation' [9] . Then the vertex function depends on the relative Euclidian momentum.
It is important to note that the backward analytical continuation is quite difficult even for the mentioned ladder case, whilst for more complicated cases the proper implementation of backward Wick rotation is unclear or at least highly non-trivial. Fortunately this is not a unique way how to find the bound states in BS formalism.
In this work we follow the method of solving the BSE directly in Minkowski space [10] , [11] , [6] where the problems associated with Wick rotation do not arise. The method is based on utilization of generalized spectral representation for n-point Green's functions in quantum field theory. In this treatment the BSE written in momentum space is converted to the real two-dimensional integral equation for a real two variable weight function. We extend the earlier work [6] to the case of unequal masses and, in fact, to the generalized skeleton ladder case in which all propagators entering the BSE are fully dressed. This generalization is achieved simply by the implementation of Lehmann representation of the propagator:
Here, we can take c = 1, a choice which corresponds to the conventional on shell renormalization scheme (G has a unit residuum when momentum approaches a simple pole of G), and the continuos part σ c (ω) starts to be smoothly non zero from the threshold.
In this early stage of our investagitaion we restrict ourselves to the numerical presentation of already obtained solutions [10] , [8] . However, the derived equation is in a suitable position for complementary solution of BSE and the appropriate Dyson-Schwinger equations [14] . Note here, that the Euclidian variant of this problem has been already solved within a certain approximation (y−max approximation) [7] .
Clearly, when we take some or even all particle propagators dressed the number of spectral integrations increases. Due to this fact and for whatever other reason we rederive the equation obtained by Kusaka et al. [11] and perform the additional integration which was present in the kernel of the integral equation for the spectral weight (see Appendix D of the work [11] ). This simplification of the integral kernel is the main result of the present study and its main advantage is radical decreasing of CPU time necessary for numerical solution.
As an interesting application of the BS formalism we calculate the elastic electromagnetic form factor F (Q 2 ) . For this purpose we consider the (massive) Wick -Cutkosky model given by lagrangian gauged as:
where covariant drivative is D µ = ∂ µ − ieA µ . It is assumed that e << g which implies that the interaction of the charged particle field φ 2 with the electromagnetic field can be treated perturbatively.
In Sectiom IV.b) we also compare the weak coupling result with the qausipotential (Gross) approximation.
II. SKELETON LADDER BETHE-SALPETER EQUATION
Within the conventions specified in Refs. [22] , [6] the BS amplitude for bound state (φ 1 , φ 2 ) in momentum space is defined through the Fourier transform
where X ≡ η 1 x 1 + η 2 x 2 and x ≡ x 1 − x 2 so that x 1 = X + η 2 x, x 2 = X − η 1 x, and
Here p 1,2 are the four-momenta of particles corresponding to the fields φ 1,2 that constitute the bound state (φ 1 , φ 2 ). The total and relative momenta are then given as P = p 1 + p 2 and p = (η 2 p 1 − η 1 p 2 ), respectively and P 2 = M 2 where M is positive mass of appropriate bound state.
The homogeneous bound state BS equation for s-wave bound state can be conventionally written in terms of the vertex function
or, equivalently, in terms of the BS amplitude
Here the BS vertex is related to the BS amplitude by Γ = iG −1 ΦG −1 . The bound states appear as poles of the scattering matrix. The normalisation condition for BS amplitude follows from the requirement that the pole appropriate to a given bound state is a simple one. It reads
whereΦ(p, P ) is the conjugated Φ(p, P ) (for the details see e.g. Ref. [3] ).
In this work we do not solve the BSE with most general irreducibile scattering kernel K, but we restrict ourselves to the case of skeleton ladder approximation in which K(p, k; P ) = G(t),t = (p − k) 2 , where t denotes the usual Mandelstam variable. Note that K(p, k; P ) = D(t, µ
2 ) represents the leading order interaction kernel of the BSE describing bound state (φ 1 , φ 2 ), whilst the bound states with the components (φ i , φ i ), i = 1, 2 have also opened the u and s channels. In the present work we study the case (φ 1 , φ 2 ) due to its simplicity and leave the other cases for discussion elsewhere.
Likewise the kernel, the full propagators of composite particle present in Eq.(4) are taken into account, thus the rhs. of BSE (4) can be written as
Of course, the interesting unequal-mass ladder case [19] is also described by Eq.(7). The integral representation for the BS vertex may be written as
In the special case of Wick-Cutkosky model the appropriate expression reduces to the one dimensional PTIR form:
We remind the reader that the (symmetric) Wick-Cutkosky model corresponds to the choice α 1 = α 2 = m 2 , the exchanged boson is massless (α 3 = 0) and no radiative corrections are considered. This model is particularly interesting because it is the only example of the nontrivial BSE which is solvable exactly [9] . The positive integer n represents a dummy parameter and the weight functions for various n can be obtained by integration per-partes.
Using a technique similar to the one used in [6] the BSE can be converted to the following real integral equation for the real weight function:
where we denoted λ = g 2 (4π) 2 . The derivation is presented in the Appendix A, where the explicit expressions for particular choices n = 1, 2 are given as well. The central result of this work is the expression obtained for K [n] which is much simpler that the one presented in Ref. [6] . No additional integration is required which decreases the computer time necessary for numerical calculation.
Due to the property of solid harmonic with respect to the integration over the momentum the presented procedure can easily be generalized for the bound state with non-zero spin (orbital momentum here). The extension (together with mentioned simplification) to the case of more complicated scattering kernel is not so straightforward but we believe that it is possible.
A bound state with equal composite masses is described by the vertex function which is symmetric under the transformation P.p → −P.p. This symmetry corresponds to the transformation property of the weight function ρ(α, z) = ρ(α, −z). This property is no more valid for the case of unequal masses. However, there are solutions that do not reflect this symmetry even in the case of equal masses. These are usually called ghost solutions and the appropriate amplitudes have a negative norm. Such solutions are often considered to be unphysical and it is supposed that they lead to inner inconsistency in description of relativistic bound states within the BS formalism. The most recent discussion of this problem can be found in Ref. [7] .
Further, the lagrangian (2) describes the models that are a subset of theories with potentials unbounded from bellow and in very strict sense they are discarded due to the consequence of the vacuum instability. Note that this is a common property of all purely scalar super-renormalizable models (with the very artificial exception -the theory of at least three scalars given by lagrangian φ i φ j φ k where i = j = k). On the other hand one can assume (say for the models with sufficiently small couplings) that the existence of local minima of the potentials is sufficient to support of the existence of ground state of the theory. Clearly in these cases no reasonable physics can be learned from an 'isolated' equation as the ladder (and even the skeleton one) BSE is. To conclude, we note that such ideas are supported by at least two facts. The ghost BS solutions appear only for λ > 1/4 . In addition, from the Dyson-Schwinger study we know that the theory makes sense only up to the certain critical coupling, see e.g. [7] , [12] . Although there is a still some gap between these two values, it can be viewed as a consequence of the employed approximation. At this point we leave this very important question, since this problem lies beyond the scope of this article and it should require more careful investigation.
III. ELASTIC ELECTROMAGNETIC FORM FACTOR
Like in the case of the bound state spectrum , the various form factors represent the physical quantities which can be actually measured. The calculation of observables within the BS framework proceeds along the Mandelstam's formalism [20] . Here we are interested in transitions between the s-wave states that are induced by electromagnetic interaction. In case of elastic scattering (P
2 ) the current conservation implies for the relevant
The elastic electromagnetic form factor G(Q 2 ) depends only on the square of photon incoming momentum q and we use the usual SLAC convention Q 2 = −q 2 which is positive for space-like four-vectors. The amplitude in relativistic impulse approximation (RIA) is diagrammatically depicted in Fig.2 and can be written in terms of the BS amplitudes as
and the coefficient of g µ is exactly zero. The derivation is reviewed in the Appendix D. In contrast to a pure extraction of bound state spectra, the vertex and/or wave function have to be properly normalised. The correct normalisation of the form factor can easily be achieved utilizing the fact that G(0) = 1 in the RIA assumed here. The validity of this statement can be seen by inspection of the normalisation condition for the BS vertex and the appropriate expression for the form factor at zero momentum transfer. Actually, this is the way we have used for numerical treatment in this work. To conclude this section, we note that going beyond RIA would necessarily require an independent solution for the bound state vertex due to the non zero anomalous contribution to G(0).
IV. NUMERICAL RESULTS

a) Spectrum and weight function evaluation
To compare our results with several methods reviewed in literature on BSE we focus our attention to the most simple cases of bound states. First we restrict ourselves to the symmetric (m 1 = m 2 ≡ m) ladder case. We followed the standard procedureand fixed the bound state mass and then to look for the solution with appropriate dimensioneless "coupling strength" λ ≡ g 2 /(4mπ) 2 using method of iteration. In case of Wick-Cutkovsky model it is necessary to solve the integral equation (39). Since the equation is one dimensional there is no need to care much about CPU time even for large number of grid points. In the Fig.3 the resulting weight functions are plotted against spectral variable z for several fractions of binding η = √ P 2 /2m . The list of coupling strengths is shown in the second line of Tab.1. The massless case P 2 = 0 allows us for simple comparison since this is the only one example where the solution is exactly known. For instance the eigenvalue of the coupling obtained for 98 grid points differs at fifth digit from its exact value λ = 2.
The two-dimensional integral equation (10) (or equivalently (34)) provides a starting point for the solution of the BSE for the kernel with massive scalar exchange. We found that the numerical error is better by about one order for the dummy parameter n = 2 than the one for n = 1. This conclusion fully agrees with the observation made in the work [11] .
For numerical solution we discretise integral variables α and z by the method of GaussLegendre quadratures and optimize the grid for each case of bound state separately. Then the equation (34) is solved on the net of N = N z * N α points which are spread on the rectangle defined by boundaries (−1, +1) * (α min , α max ). The value α min is easily extracted from the inhomogeneous term in (34) while α max has been chosen such thatρ(α, z) vanishes for α > α max . We have not optimized the grid during the iteration procedure as it was done for the purpose of similar study [11] . Instead, we solve the equation for several different numbers of grid points while keeping fixed the ratio of N α /N z and then extrapolate their numbers to infinity. Such procedure does not require large CPU time and (for instance) it takes from several minutes when we have N = ( 32 * 32) to several hours for N = ( 96 * 96). Given example of numerical convergence of the couplings in different cases of bound states is tabulated in the Table 2 .
We wish to study the dependence of electromagnetic response on the parameters of the model: on the range of interaction characterised by the inverse mass of exchanged meson m σ and on the strenght of forces which bind the particle together. To accomplish this we vary the model parameters in following way.
1. First we present numerical result for the vertex BSE for various bound state masses P 2 keeping the masses ratio m σ /m fixed. The results obtained for m σ = m/2 are plotted in the second line of Tab.2 and comparison with [11] is made as well.
2. Further to study the interaction range effect, we changed the mass of the exchanged meson , whilst the mass of all studied bound states was fixed at the same value given by η = 0.5 . Correspondingly, the appropriate coupling strengths λ's are given by the solution of BSE. We checked, for several number of states, that the obtained couplings agree with those found in Ref. [8] . They are displayed in Table 3 . To be honest we should mention the difficulties encountered when the mass of exchanged particle becomes small (of course, up to the case m σ = 0). The appropriate convergence procedure is rather slow in these cases and the succes in obtaining of the results strongly depends on the initial guess.
The examples of the shape weight functionρ [2] are displayed for two rather different cases in the Fig.'s 4 ,5.
b) Calculation of the form factor
As we have shown , the bound states spectra and appropriate vertex function can be obtained with good accuracy and within a reasonable CPU time. Unfortunately, this does not apply to form factor evaluation. In ideal case, when all additional Feynman integrations could be performed analyticaly, the numerical procedure would still require at least fourdimensional integration over the spectral variables which are the arguments of PTIR for bound state vertices. As real situation is much worse, the actual form factor evaluation requires four additional integrations over the Feynman variables.
To perform these additional integrations we choose again the Gauss-Legendre method. The number of appropriate grid points was taken equal to the one for z spectral variable for each integral separately. Since we choose relatively small number of integration points (16 or 20) for each integration the presented results have to be viewed as an order estimate of form factor behaviour. (The one exception is discussed in the next section.) Nevertheless, one can always refine the grid on expense of longer CPU time.
To see the effect of numerical errors in evaluation of form factor and/or for whatever reason we make a comparison with another method, the use of which is suitable and usually more convenient in some special cases. Several covariant three-dimensional reductions (Gross, Todorov, equal time...) of full BSE equation were developed for purpose of calculating physical spectra particularly when the coupling constant is not so large. If some suitable choice of three-dimensional reduction is made it has to reproduce appropriate observable quantities as well. We choose the Gross (spectator) formalism for this purpose and applie it to the case of "scalar deuteron" (see [16] ). In analogy with the real deuteron, the parameters are chosen as: m σ /m = 138/938.9, η = (2 * 938.9 − 2.3)/2 * 938.9. Then the bound state equation has been solved using the both-BSE and Gross formalism. Note for completeness that the all phenomenological form factors introduced in [16] have been "switched off" (the limit Λ ′ s → ∞ are taken in the so called strong form factors ) when calculating the Gross wave function and the bound state current. Only for this case we evaluate the BSE electromagnetic form factor on the grid 32 8 which also gives some rough estimate of numerical error. Then the CPU time neccessary for evaluation at given Q 2 is about 60 hours while it takes only few minutes for the grid 16 8 . The estimates for several bound states corresponding with the Tabules 2,3 are presented in the Fig.6 and in the Fig.7 , respectively. The case of scalar deuteron is included.
V. CONCLUDING REMARKS
We have used the spectral representation for solving the Bethe-Salpeter equation in (3+1) Minkowski space and investigated the improved kernel of the appropriate equation for the weight function. we have shown on few simple cases of ladder approximation that the method is efficient for obtaining the coupling eigenvalues as well as the vertex function. We stress here that that the numerical search of eingenvalue took at most several hours of CPUtime on a Digital (Alpha) workstation. As an interesting application we have estimated the behaviour of elastic electromagnetic form factor. Moreover, if one succeeds in performing the analytical integration of the appropriate formula for form factor (or on expense of rather long CPU-time) there is a possibility of obtaining results with reasonable accuracy.
Given the encouraging results it would be interesting to solve less trivial problems-for instance the bound states with more then only t channel opened-the cases less clear when is considered in Euclidian space. The extension to the system where self-energies are taken into account is possible, but more time consuming due to the increasing number of integrations. It would require to solve the system of coupled Bethe-Salpeter and Dyson-Schwinger equations, a task in which some main steps were already acomplished [12] , [13] . For more realistic systems the complication of spin degrees of freedom comes also into consideration.
APPENDIX A: KERNEL FUNCTION
In this appendix the real integral equation for the BS vertex weight is derived in detail. The PTIR form for scalar bound-state vertex reads
where ρ n (α, z) is the real PTIR weight function for the bound state vertex function, and n is a dummy parameter. The function F is given by
The following procedure is straightforward but a bit exhaustive. Using the Feynman parameterisation technique the right hand side of BSE is transformed to the form (13). Then we use the theorem of uniqueness to write explicitly the equation for weight function. In the last step the equation is rewritten into the form which is the most suitable for numerical solution. Since the derivation differs early from the one of Ref. [6] we repeat the very first steps identical with those found in [6] for convenience. First we combine the full propagators (1) for the scalar constituents with the denominator of the vertex PTIR:
All irrelevant pre-factors (constants and integrals) and (Lehmann as well as BS ) weight functions are omitted here for purpose of brevity. The same applies to the case of the interacting kernel discussed bellow. All necessary factors will be added at the end of the derivation. We proceed with substitution η → z ′ so that z ′ = zt + η(1 − z). Changing the order of integration this yields
Now we combine denominator of the integrand in Eq. (15) with the one of PTIR for scattering kernel:
where η = (z ′ − zt)/(1 − t) and the dots represent all remaining terms which follow from Feynman parametrisation. Note that all of them are not dependent on the integration variable k. Now we are in position to perform the integral over the loop momentum k. Combining all factors on the right hand side we get
where we denoted
In order to obtain a real integral equation involving only weight functions , it is necessary to recast factor (18) in a form similar to the one found in the vertex PTIR. To do it we integrate over the variable t. Since the case n = 2 is of particular interest to us, we will restrict ourselves to this case from now on. At the first look most convenient but in reality disadvantageous case n = 1 will be discussed in the next appendix. Making explicit integration over the variable t and after some algebra the relation (18) can be written in the following way:
where we introduced following notation:
and T represents abrevitation for the sum
Further, we integrate by per partes with respect to x in order to decrease the power of 1/F (...) from 1 to 2, noting that the boundary term resulting from such integration vanishes in the limit x → 0, 1. This immediately gives for expression (20) :
where differentiation
is not written explicitly. The reason will be elucidated in the next step. Further we insert the trivial integral
into each term of (23), and eliminate the integration over x by rewriting the delta function in terms of x. The integration over x then gives us
where
+ S is a numerator in rhs. of (24) and x i are the roots of the equation α ′ − A = 0. They read
We can use the uniqueness theorem of PTIR [3] and thus identify the BS weight function on the right-hand side of BSE. The missing 'pre-factor' that have not been considered until now is
The indices 1,2 label the constituent particle and index 3 labels quantity related to the exchanged boson. Using short notation introduced in (28) we can write down the real equation for BS weight function:
where the full analytical expression for the kernel function can be written as
We found advantageous to make the following redefinition:
It allows us to rewrite (29) and (30) to the following form:
Inspecting the first term in T , i.e. the one where T = 0, we can see that it is fully independent of spectral variables α, z. Since the integral equation is linear in the BS weight function we can require a conform normalization condition,
The equation which is to be solved numerically now reads
.
and we have used abrevitation
APPENDIX B: N = 1 case
The derivation for the case of dummy parameter n = 1 is straightforward. Note that the procedure is similar to the previous case and it is the same up to the step given by the relation (19) . From this point the derivation is even easier since the backward per partes integration is not necessary. Repeating the steps described in App.A we would arrive at the following equation for the weight functioñ
All quantities have the same meaning as in the previous case. It is notable that the kernels here differ only by the argument T . The analogue of the redefinition (31) now reads
and this new weight function is normalised in the same way as (33), i.e.
APPENDIX C: Kernel of Wick-Cutkovsky Model
In this case the α dependence factorizes as a delta distribution and thus two dimensional representation reduces to the one dimensional one. The equation to be solved radically simplifies and the result was derived long time ago (see for instance [3] ). Although the solution is known analytically even for excitated states, the energy spectrum has to be found numerically (up to the already mentioned case P 2 = 0 where λ = 2). For completeness we review the necessary equations which are relevant for our numerical treatment. Imposing normalization condition dzρ = 1 and using the known result for the s-wave state
we obtain
where we have again used the shorthand notation S = P 2 4
(z ′2 − 1).
APPENDIX D: Elastic Electromagnetic Form Factor
In this Appendix we derive the expression for the elastic electromagnetic form factor G(Q 2 ). The relevant matrix element is diagrammatically depicted in the Fig.2 . The whole procedure is performed in Euclidian space (all the scalars constructed from various momenta are negative in our metric). After the backward Wick rotation k 4 = −ik 0 we perform the analytical continuation to Minkowski space by formal addition of factor iǫ to the denominator of the appropriate dispersion relation for G(Q 2 ). In this Appendix we label P = P in , P ′ = P out = P + q for purpose of brevity.
The form factor G(Q 2 ) can easily be extracted from its definition (11) . After multiplying by P + P , we obtain
where the appropriate bound state current in leading order of e reads
The labeling of momenta corresponds to the Fig.2 , q is a virtual photon incoming momentum (Q 2 = −q 2 ), P and P , = P + q are the total momenta of bound state in in-and out-state, respectively. The matrix element is evaluated between on-shell states of appropriate composite scalar i.e.
The vector j in Eq.(41) represents one body current which simply reads
Using (42) in (40) yields
The product of propagators can be parameterized as
where the substitution (1 − s)y + s → y has been used in the middle stage of Feynman parametric procedure and the term P.q has been replaced by −q 2 /2. In the next step we parameterize the product of the bound state vertex functions. Using their PTIR for n = 2 we get
Making use of the Feynman variable t for matching (45) with the term in large brackets of (46) then (44) can be rewritten as Γ (7) 4
where we have omitted the vertex weight functions and the appropriate α, z's integrals (exactly the pre-factor in front of the large bracket in Eq.(46)) which are irrelevant at this step. Integration over the momentum k then yields
Using again the on-shell relation (42) in both-the numerator and the denominator of Eq. (48) gives us
where we write explicitly M 2 instead of P 2 and Q 2 instead of −q 2 . Thus, we can end our treatment by implementation of missing pre-factors and conclude that elastic electromagnetic form factor can be calculated by evaluation of the following relation: 
